Polynomial Constraints for Robustness Analysis of Nonlinear Systems

Neelay Junnarkar!, Peter Seiler?, Murat Arcak!

Abstract— This paper presents a framework for abstracting
uncertain or non-polynomial components of dynamical systems
using polynomial constraints. This enables the application
of polynomial-based analysis tools, such as sum-of-squares
programming, to a broader class of non-polynomial systems.
A numerical method for constructing these constraints is
proposed. The relationship between polynomial constraints and
existing integral quadratic constraints (IQCs) is investigated,
providing transformations of IQCs into polynomial constraints.
The effectiveness of polynomial constraints in characterizing
nonlinearities is validated via numerical examples to compute
inner estimates of the region of attraction for two systems.

I. INTRODUCTION

A classic problem in nonlinear control is the problem of
absolute stability: analyzing stability of a feedback loop of
a linear time-invariant (LTI) system and a nonlinearity [1].
The traditional problem considers conditions under which
stability can be guaranteed for any memoryless sector-
bounded nonlinearity. Integral quadratic constraints (IQCs)
are a widely used tool that generalizes this type of analysis
to many classes of nonlinearities and uncertainties [2], offer-
ing computationally tractable analysis methods. Libraries of
IQCs are available for various classes of nonlinearities, such
as sector-bounded or slope-restricted nonlinearities, and may
be applied depending on the particular nonlinearities of a
system. Tight bounds of nonlinearities, and therefore a tight
characterization of the nonlinear system, lead to improved
performance certificates, such as larger inner estimates of a
region of attraction (ROA) or smaller L,-gain bounds.

IQC analysis has been extended from a nominal lin-
ear system to a nominal polynomial system using sum-
of-squares (SOS) programming. SOS programming enables
optimization with constraints that are sufficient conditions
for polynomial nonnegativity, making SOS programming
a useful computational tool in the analysis of polynomial
dynamical systems [3]. IQCs have been used to character-
ize the non-polynomial parts of non-polynomial systems,
using SOS programming for the polynomial parts [3], [4].
Quadratic constraints have been extended, taking advantage
of the capabilities of SOS programming, to non-homogenous
quadratics and sector constraints which do not pass through
the origin [5]. Changes of variables that lift to higher
dimensional spaces have been used to apply SOS techniques
to large classes of nonlinearities [6].
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Despite their utility, quadratic constraints can result in
conservative characterizations of nonlinearities. For example,
a sector bound poorly captures the asymptotic behavior of
a saturating function such as tanh. We propose a general-
ization of IQCs to higher-order polynomial constraints, en-
abling tighter characterizations of nonlinearities. We present
definitions of polynomial constraints, a numerical method
to directly synthesize a class of polynomial constraints,
and establish results on deriving them through polynomial
transformation of IQCs. Finally, we demonstrate the utility
of polynomial constraints by verifying inner estimates of the
regions of attraction for two systems where sector constraints
result in conservative ROAs.

Section II introduces polynomial constraints. Section III
establishes conditions under which a set can be certified as
an inner estimate of the region of attraction, and formulates
an SOS-based algorithm for computing this inner estimate.
Section IV presents examples of polynomial constraints,
methods for constructing them, and results on transforma-
tions of constraints. Section V gives numerical examples,
applying polynomial constraints to the problem of computing
inner estimates of the ROA for two systems and comparing
results with estimates computed using sector constraints.

A. Notation

2, L3, and L7 denote signals [0,00) — R™ that are
square integrable, locally square integrable, and bounded,
respectively. R[z] denotes polynomials in x. X[z] denotes
sum of square polynomials in z: p € X[x] if there exist

k
p1,. ..,k € R[z] such that p = >0 p?.
II. POLYNOMIAL CONSTRAINTS
Let U : £57™ — L£5* be an LTI system defined as:

Ty (t) = Apxg (t) + Byyv(t) + Byy,w(t),
Z(t) =Cyzy (t) + D\pv’l)(t) + Dq;ww(t)

CL‘\I/(O) =0

The origin is stable if Ay is Hurwitz. We denote the zero
initial-condition response to inputs v and w by z = U (v, w).

An operator A : L5 — L3v satisfies the time-domain
hard IQC defined by a stable LTI system W and M = M " €
R'n/z XNy lf

T
/ ()" Mz(t)dt >0, VT >0,v€ L
0

where z = U(v, A(v))[2]. Integral polynomial constraints
are a natural generalization of IQCs.



Definition 1: Let A : L3* — L3* be an operator
mapping the signal v to w and let ¥ be a locally input-
to-state stable polynomial dynamical system defined as

iy (t) = fo(ze(t),v(t),w(?)), zw(0)=0
2(t) = gu(zw(t),v(t), w(t))

where xy € R™", 2z € R, and fy and gg are polynomials
such that fg(0,0,0) = 0. We say A satisfies the integral
polynomial constraint (IPC) defined by W if

(D

T

z(t)dt >0, VI >0,ve Ly, w=A) ()

Specigl cases of this include the static polynomial con-

straint, where U (v, w)(t) = p(v(t),w(t)) for some poly-

nomial p, and the pointwise polynomial constraint, where

U(v,w)(t) > 0 for all ¢ > 0. The most common case we
will discuss is the pointwise static polynomial constraint:

U (v, w)(t) = p(v(t), w(t)) >0, Vt>0 3)

Examples of polynomial constraints are given in Section I'V.

III. APPLICATION TO COMPUTING REGIONS OF
ATTRACTION

We demonstrate the utility of IPCs by computing inner-
estimates of the region of attraction for a non-polynomial
system. We bound the non-polynomial parts of the system
with IPCs and apply methods for polynomial systems using
SOS programming.

Consider the following system where f and g are polyno-
mial, x € R", A: L3* — L5, £(0,0) =0, g(0) =0, and

A(0) =0:
#(t) = f(z(t), w(t)

v(t) = g(z(t)) )
w(t) = Av)(t)

Theorem 1: Consider the system in (4), suppose A satis-
fies the IPC defined by W, and that A has a finite induced
Lo gain: there exists v > 0 such that ||A(v)|lec < ¥]|v]lco
for all v € L. Define the extended system of (4) and
(1) as de(t) = fe(ze(t),w(t)),v(t) = ge(xe(t)),2(t) =
he(ze(t), w(t)), w(t) = A(v)(¢) with z, = (z, zy). If there
exists a positive definite, continuously differentiable function
V : R*™™r — R, a nonnegative sy € R, and ¢ > 0 such
that {z.|V (z.) < ¢} is compact and

VV(xe)Tfe(a:e, W) + Sphe (e, w) < —exeTxe 5)

for all w € R™ and z, € R™ such that V(z.) < ¢, then
{ze|V(ze) < ¢} N{ze = (x,2y)|zy = 0} is an inner
estimate of the ROA of (4).

Proof: By integrating (5) and applying the IPC
fOT z(t)dt > 0, we establish that the sub-level set
{z|V(z.) < ¢} is forward invariant. Consider a trajectory
of the system such that V(z.(0)) < c. Forward invariance
implies x. € L by the assumption that the sub-level set
is compact. Because g. is polynomial, it is Lipschitz on the
compact set {z, € R"|V (z.) < ¢}, so there exists an L > 0
such that |[v(t)|] < L|z(t)| for all ¢ > 0. This implies

v € Lo because x, € L, and therefore that w € L, by
the assumption that A has a finite induced £, gain. Because
w € Lo, there exists M > 0 such that ||w(¢)|| < M for all
t > 0. Then, because f. is polynomial, it is Lipschitz on the
compact set {z. € R"|V(z.) < ¢} x{w € R"|||w| < M}.
Therefore . € L, by an argument similar as to that for
v. Additonally, integrating (5) shows e fOT zo(t) Tw(t)dt <
V(zc(0)), so z, € Ly. Therefore, x.(t) — 0 as t = oo
because x. € Lo and &, € L, by Barbalat’s lemma. The
intersection of {x.|V(z.) < ¢} with {xgy = 0} is due to the
filter initial condition.
|
Remark 1: If A satisfies U pointwise, then sy can be a
nonnegative function of x, and w.

A. Computing Estimates of ROAs using SOS Programming

We formulate the ROA estimation problem as a sequence
of SOS programming problems, where nonnegativity con-
straints are enforced via SOS constraints. For this section, we
consider the case where W is a pointwise static polynomial
constraint, which enables the inclusion of additional SOS
multipliers (see Remark 1). Applying Theorem 1, we aim
to solve the following problem, where ¢, = ex 'z, (4, =
e(xTz +w'w), and € > 0 is set to ~ 107°:

max  volume({z|V(z) < 1}) (62)
V., 8¢, Sw
s.t. VeR[z], V(0)=0 (6b)
V -, € X[x] (6¢)
¢, 8w € X[(z,w)] (6d)
= VV(2)" f(z,w) ~ low
= se(z,w)(—=V(z) + 1) (6€)

— sy (z,w)p(g(z,w),w)e B[(z, w)]

To address the bilinearity between decision variables (the
term s.(x,w)V (x)), we split this into an alternation between
an “expansion step”, where V is fixed and the remaining
variables are solved for, and a “reshaping step”, where V' is
a decision variable. Similar alternation algorithms have been
used in [4], [7], [8].

The SOS program in the expansion step is as follows,
where bilinearity in s, and c is addressed through bisection.

Sey € = ATGMAX cr 5, sy ex((z,w)] 1€ | SL (6€)}  (7)

The SOS program in the reshaping step is as follows,
where s and c¢* are the outputs of the expansion step and
V* is the previous V:

max 0 (8a)
Vv Sy, Se
s.t. (6b), (6¢), (6e) with s, (8b)
Sw, Se € X[(z,w)] (8c)
1-V(x)
(8d)

= se(w, w)(c” = V*(z))e B[(z, w)]

For numerical stability, we find it useful to allow c to be
in a small range of c¢*, e.g. [0.9¢*,0.99¢*], and bisect over



this range to maximize c. This allows the new certified inner
estimate of the ROA to be a superset of a sub-level set of
the previous estimate, while changing shape.

Algorithm 1 ROA Estimation via SOS

Require: Vj(x)

1: V(z) + Vo(z)

2: while not converged do
Expansion Step: Maximize ¢ for fixed V (z)
4 sk, c* + solve expand step, (7), via bisection
5: Reshape Step: Find new V (z)

6: Vi «V
7
8
9

> Initial Lyapunov function

[95]

Bisect over ¢ € [0.9¢*,0.99¢*] to maximize c:
V' < solve reshape step, (8)

: return {z | V(z) < ¢} > The estimated ROA

We use a hyperparameter ny for the degree of V' and
Nt for the degree of each of the polynomials in the
constraints in each SOS program. The degrees of each s-
certificate are determined from nyy,, Ny, and the degrees of
any fixed polynomials such as p. Our implementation' uses
the SOSTOOLS [9] package in Matlab.

IV. CONSTRUCTING POLYNOMIAL CONSTRAINTS

To build intuition, we first provide a few examples of poly-
nomial constraints, plotted in Figure 1, where we construct
them by inspection and by using polynomial approximations.

For the function tanh(x), a soft saturation, any local sector
bound will be conservative due to the local linear nature and
asymptotic saturated nature of the function. With polynomial
constraints, we can consider cubic functions in g that better
approximate tanh, constructing the polynomial constraint
p(r,y) = (v —y> — y)(%y?’ + y — x). A deadzone-style
nonlinearity such as x — tanh(z) might instead consider
a cubic in z, and in general we may rotate polynomial
constraints through linear combinations of x and y. As
another example, consider e — x — 1, an exponential with
the affine term removed, which we can locally bound with
quadratics in z, constructing p(z,y) = (y—0.32%)(0.72% —y)

A simple method to construct a constraint p(z,y) > 0 for
many functions f(z) is to use the Taylor series expansion of
a function: construct the polynomial constraint

p(z,y) = (e12” = (y = Tu(2))(e22" + (y — Tu(2)))

where €1,e5 > 0, k € N, and T),(x) is the Taylor series
truncated to be degree n. The appropriateness of this tech-
nique depends on f; it does not provide good bounds on
tanh, but provides much better bounds on tanhfl, which
may be converted into bounds on tanh by swapping = and
y. A similar technique, typically resulting in tighter bounds
for the same overall degree polynomial constraint, is to use a
Padé approximant N (z)/D(x) instead of the Taylor series:

p(z,y) =(e1a*D(x) — (yD(x) - N(z)))

(e2t*D(@) + WD)~ N@))

Ihttps://github.com/neelayjunnarkar/
polynomial-constraints/
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Fig. 1: Simple local polynomial constraints on two nonlinearities. Shaded
regions indicate nonnegativity. The quadratic-based constraint is a 4th degree
polynomial and the cubic-based and Padé approximant-based constraints
are 6th degree. The Padé approximant-based constraints are both computed
using (9) with €1 = €2 = 0.1, k = 1, and the [3/2] Padé approximant.

A. Numerical Synthesis

Although simple to construct, hand-crafted and
approximation-based polynomials lack the tuning flexibility
required to incorporate knowledge of the dynamical system
into the constraints: there may exist a constraint that is
tighter over the specific local region we are analyzing,
or a constraint that is tighter in just the lower or upper
bound, only one of which may be of importance given
the dynamical system. To address this, we introduce
the following numerical method to construct polynomial
constraints, which gives flexibility in tuning the constraint.
This optimization program, which we solve with Matlab’s
fmincon, may be initialized with constraints constructed
via the above-mentioned methods.

We numerically solve for polynomial constraints by solv-
ing the optimization program

min — fo(p) (10a)
p € R[z]

st. plzi, Azi) > 0, i=1,...,N (10b)

|lcoefficients(p)|| = 1 (10c)

where the objective function fo(p), described below, is de-
fined to encourage tight constraints, (10b) ensures A satisfies
the polynomial constraint p on a constraint evaluation set
{z;};¢;, and (10c) constrains the scale of the polynomial
constraint to ensure the coefficients aren’t simply taken to 0.
This last constraint leverages that polynomial constraints are
invariant under positive scalings, and scaling a polynomial
is equivalent to scaling its coefficients.

As a surrogate for tight transformations, we define the ob-
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jective fy to evaluate p on a set of test points {zy;, Ye,i}itqs
penalize points which evaluate nonnegative, and reward
points which evaluate negative:

f(a?,y) = wo(zvy) tanh (S ' p(xay))
= Zf(%,u%,i)

The parameter s > 0 is a tunable parameter to match
the scale of tanh to the values of p(z,y) in the test set,
and w, is a weighting function: for example, w,(z,y) =
1+e" for tighter constraints near the origin. We construct
a collection of test points with the following process: first,
sample points {z,;};*4 in the domain of A; second, for
each ;;, sample points {y:,;};"* in a neighborhood (of
configurable shape) of A(z;;); and finally, construct test
points U?fi (xt,ivyt,i,j) lj=1,... 7nty}~

While (10) ensures construction of a polynomial p such
that A satisfies p and penalizes nonnegative p(x,y) near the
graph of A, it does not constraint or penalize points far from
the graph. Thus, constraints synthesized with this program
often require an additional polynomial constraint that y lie in
an interval near the origin, with bounds depending on bounds
on A in the region being verified. Additionally, because
p(z, A(z)) > 0 is only ensured at a finite list of evaluation
points, we verify the constraint p after synthesis by using
root finders to search for roots of p(x, A(z)) and ensure
there are no roots in the desired local region.

Y

B. Transformations of Polynomial Constraints

In this section we present some results on ensuring the
synthesized polynomial constraints are not unnecessarily
conservative, and a method for constructing IPCs that lever-
ages the existing body of IQCs.

Theorem 2: Consider A and A, both operators from Lye
to L3> . Suppose there exists a polynomial dynamical system
H: L3 x L5 — L57 x L3 such that the restriction of H
to the graph of A, h = H| graph A, 18 an invertible operator
from the graph of A to the graph of A. Then A satisfies the
IPC defined by ¥ if and only if A satisfies the IPC defined

by Woh.
Proof: 1If A satlsﬁes v, T > 0 and v € L3, then
ﬁ) (¥ oh)(v,Alv fo 0))(t)dt > 0, so A

satisfies W o h. If A satlsﬁes v o h T Z 0, and ¥ € L5?,
then [ W(5, A(#))(t)dt = fOT(\Ilohoifl)(f;,A(f}))(t)dt -
fOT(\II o h)(v, A(v))(t)dt > 0, so A satisfies . [

Note that H need not be invertible and A~! need not be
polynomial. To construct transformations h, the following
properties are useful.

Lemma 1: Let A, A, and h be defined as in Theorem 2.
Let h; and hy be the component functions of h so that
h(v, A(v)) = (h1(v, A(v)), ha(v, A(v)). Then h is invert-
ible if and only if h; is invertible.

Proof: Define g : © — (0, A(?)). Note that g is
invertible and ¢! is the map projecting onto the first
element. We can define h in terms of hy by h = go hy
and h; in terms of h by hy; = g~ ' oh. If h is invertible, then

hi' = h~'og. If hy is invertible, then h~! = h; ' o g~ L.
|

Corollary 1: A= ho 0 hl_l

Corollary 2: h is invertible if and only if v ~—
hi(v, A(v)) is invertible.

The above results on equivalence of IPCs enables the
construction of an IPC on one operator by polynomial trans-
formation of an existing IPC on another operator. However,
showing two operators are related by a polynomial trans-
formation may in general be difficult. We instead propose
starting with an operator A for which an IPC is desired,
and then constructing h so that the operator hg o hl’l, which
we define to be A, satisfies a specified class of IQCs. For
example, constructing h so that hgohl_1 is sector-bounded or
slope-restricted by imposing constraints on the coefficients of
h and therefore satisfying sector constraints and Zames-Falb
multipliers respectively. The class of IQCs on hg o hfl is
then transformed into a class of IPCs on A. This procedure
yields IPCs parameterized by the IQC multipliers, and en-
ables the use of polynomial transformations to create less
conservative constraints. Conservativeness can be lowered
further by parameterizing the class of transformations such
that hy o hfl satisfies the desired IQC instead of picking a
single transformation h.

As an illustration, we demonstrate a transformation be-
tween tanh and a function which satisfies the sector bound
[—1, 1] tightly, and use this to construct a constraint on tanh,
recovering the familiar [0, 1] sector bound.

Example 1: Let A be tanh and consider the linear trans-
formation H € R?*2. A sufficient condition for invertibility
of h is invertibility of H. Now we use the above procedure to
construct a linear transformation H such that A satisfies the
sector bound [—1,1]. A quadratic constraint for this bound
is M = diag(1,—1). Let H be as follows.

a b
m= e
Then A satisfies H'' M H if and only if (az +btanh(z))? —
(cx + dtanh(x))? > 0 for all x. To select an H that
constructs a tight bound, we use the slope restrictions on
tanh to show (ad — bc)/(b*> — d?) = 1/2. One solution for
thisis a = 1,b=—1/2,¢ = 1,d = —3/2. This corresponds
to the following H and polynomial constraint on tanh:
J - T 0 1
ey )

This is the usual sector bound in [0, 1] as expected.

Applying a simple case of this transformation method
to (10), we search for h which transforms a sector con-
straint into a polynomial constraint on A. Specifically, we
search for an invertible transformation h that maps the
graph of A to a function that satisfies the quadratic con-
straint defined by [005 1} This implies that A satisfies
h(z, A(z)) " Mh(z,A(z)) > 0 for all z, which simplifies
to ha(z, A(z))(h1(z, A(z)) — he(z,A(z))) > 0 for all
x. We define p(z,y) = he(z,y)(hi(z,y) — ha(z,y)). A
sufficient condition for invertibility of & is that the derivative



of x — hy(z,A(x)) be strictly increasing. Thus, we can
numerically solve for a transformation h by modifying (10)
to enforce that p = hsy - (hy — ho) and add the constraint
Ry (xi, A(z;)) > 0.

V. EXAMPLES COMPUTING REGIONS OF ATTRACTION
A. Triple Integrator

Consider the following triple-integrator system with a sat-
uration on the control input, and a state-feedback controller
designed using LQR with weights Q = I and R = 1.

x'l = X9
.7'32 = I3
(12)

23 = tanh(u) = tanh | [-1 —2.4142 —2.4142] ¢

K

We take A to be the difference between the dynamics and
the linearization: w = A(v) = tanh(v) — v where v = K.
This gives a model in the form of (4):

il = X2

(ﬁg = I3

i?g =Kz + A(KJL‘)
A(v) = tanh(v) — v.

13)

We use the method from Section IV with weighting function
we(v,w) = 1+ exp(—w?) to construct a 6th degree local
polynomial constraint on A. The test set of points is designed
to penalize high |w| because the linearization is stable. This
constraint, pyum, is valid for v € [—4, 4] with the additional
constraint that w € [—3, 3]. We find benefit in using ppym, in
combination with a [3/2] Padé approximant-based constraint,
Dpadé> With k =1, ¢ = 0.01, and e; = 0.03, which is valid
for the same v as pyym. This constraint is generally looser for
|w| > | tanh(v)—v]| but tighter otherwise, and is incorporated
into the SOS programs with its own s-certificate. Using a
list of constraints is similar to searching over constraints
in the conic hull of the list. The coefficients of these
polynomials are available in the associated code repository.
We construct local sector constraints for A and find the
largest ROA with the sector bound valid for v € [—2.1,2.1].
The sector constraint is pgector(v, w) = —w(w + 0.5379v).
The constraints psectors Prum» and ppags are plotted in Figure 2.

We then use Algorithm 1 to synthesize ROAs. We add
additional constraints to the SOS programs to ensure that the
verified sub-level sets V() < c are subsets of the region
where the constraints are valid: (1 + sq4(z,w))g(z,w) —
sp(z,w)(c — V(x)), sa(z,w), sp(z,w) € I[(xz,w)] where
g(z,w) > O represents the region where the constraints
are valid. To compute the ROA estimate using the sector
constraint, we compute 50 iterations of Algorithm 1 with
ny = 2, Ny = 6, and an initial Lyapunov function from
the certificate of the LQR controller. To compute the ROA
estimate using the polynomial constraints, we initialize with
the sector-based estimate after 30 iterations, and take 20
additional iterations of ny = 2, N = 6.

Sector

== Polynomial (Numerical)

—= Polynomial (Padé) === tanh(v) — v

Fig. 2: Triple Integrator: Local constraints on tanh(v) — v. Shaded regions
indicate nonnegativity. The numerically-constructed polynomial constraint
requires the additional constraint that w € [—3,3] for the constraint to
be valid for v € [—4,4] to exclude regions where |w| > |v|. The Padé
approximation-based constraint is valid for v € [—4,4], and the sector
constraint is valid for [—2.1,2.1]. The polynomial constraints give tighter
bounds on tanh(v) — v than does the sector constraint, while also being
valid for a wider region.
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Fig. 3: Triple Integrator: Regions of attraction, synthesized using different
constraints on A, projected onto planes. The ROA computed using the
polynomial constraints has a larger volume. Trajectories converging to the
origin plotted in green.

Figure 3 shows the projections of the resulting regions
of attraction onto the xix2, 2123, r2x3 planes and Table I
compares the volumes of the ROAs and the computation
times (for the polynomial constraints, the time to compute
30 iterations with pgecior 1S included). All programs were run
on an Intel i5-6600K processor. The ROA computed using
the polynomial constraints is 3.38 times larger.

TABLE I: Triple Integrator

Constraint Type  Volume (Relative) = Computation Time (s)

Sector 153.70 (1.00x) 265

Polynomials 519.71 (3.38x) 309

B. System with Exponential

Consider the following system that involves an exponen-
tial, which is non-polynomial and asymmetric.
I =—x1 —x2+ " —1
1 1 2 (14)

To =T — T



== Sector === Polynomial =eme’—ov —1

Fig. 4: System with Exponential: Local constraints on e’ — v — 1.
Shaded regions indicate nonnegativity. The sector constraint is valid for
v € [—1,0.53]. The polynomial constraint is valid for v € [—4,2]
with the additional constraint that w € [0, 3.1] to exclude regions where
|w| > |v|. The polynomial constraints give tighter bounds than does the
sector constraint, in particular in the upper bound where v > 0, which is
important for stability analysis of (14).

In addition to the origin, this system has an equilibrium
at approximately (1.26,1.26). We examine the region of
attraction of the origin. As before, we take A to be the
difference between the dynamics and the linearization, so
A(xy) = e — 27 — 1, and we analyze the ROA of the
origin of the following system.

.’tl = —XT2 + A($1)
i‘g =x1 — Xy
Alx)=€e"t —x1 =1

(15)

Using the method from Section IV and the objective
weighting function w,(v,w) = 1 if v > 0 and w,(v,w) =
0.5 if v < 0, we construct a 6th degree local polynomial
constraint on w = A(v), which is valid for v € [—4, 2] with
the additional constraint that w € [0,3.1]. The weighting
function is designed to be tight where v > 0. Coefficients
are available in the associated code repository. We compare
with the local sector condition pgecior(v, w) = (0.318v —
w)(0.368v + w), which is valid for v € [—1,0.53]. The
upper-bound of 0.53 on v was the largest bound we found
for which the ROA synthesis problem was feasible. The two
constraints are visualized in Figure 4.

We synthesize ROAs using Algorithm 1, with an initial
quadratic Lyapunov function constructed by solving the
Lyapunov equation for the linearized system with QQ = 1.
When using the sector constraint, we compute 10 iterations
with ny = 2, nw = 6 followed by 5 iterations with
ny = 6,npm = 10. When using the sector constraint,
we find no benefit in further iterations. When using the
polynomial constraint, we compute 5 iterations of ny =
2, notal = 6, followed by 5 iterations of ny = 4, Nt = 8,
and 90 iterations of ny = 6, N = 10. We compare the
ROA computed using the polynomial constraint after both
15 total iterations and after 100 total iterations with the ROA
computed using the sector constraint.

Figure 5 plots the ROAs and Table II compares the
volumes and computation times. The ROAs computed using

— Sector

Polynomial 100 Iterations

= Polynomial 15 Iterations 3 Equilibrium ~ (1.26,1.26)
Fig. 5: System with Exponential: Inner estimates of region of attraction
of origin, computed using two different characterizations of A. The green
lines denote trajectories converging to the origin and the red lines denote
trajectories diverging from the origin. The ROAs computed using the

polynomial constraint have larger areas, with additional computation leading
to larger ROAs.

the polynomial constraint are significantly larger than the
one computed using the sector constraint. In addition, they
closely follow the boundary of the region of attraction, unlike
the ROA computed using the sector constraint.

TABLE II: System with Exponential

Constraint Type Volume (Relative) Computation Time (s)

Sector 1.16 (1.00x) 67

Polynomial 15 Iterations 5.99 (5.16x) 190

Polynomial, 100 Iterations 25.6 (16.0x) 1593
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